On entire solutions of second order semilinear elliptic equations  by Kusano, Takaŝi & Oharu, Shinnosuke
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 113, 123-135 (1986) 
On Entire Solutions of Second Order 
Semilinear Elliptic Equations 
TAKA% KUSANO AND SHINNOSUKE OHARU 
Department of Mathematics, Faculty of Science, Hiroshima University, 
I-1-89 Higashi-Senda, Naka-Ku, Hiroshima 730, Japan 
Submitted hy A. McNahh 
Second order semilinear elliptic equations of the form 
du+f(x,u,Vu)=O, vu = (au/ax,,..., au/ax,), (*I 
are considered in R”, n > 3, where f may depend quadratically on VU. With the aid 
of the method of super- and subsolutions fairly general sufficient conditions are 
given for equation (*) to have intinitely many positive entire solutions which are 
bounded and bounded away from zero throughout R”. Concrete examples 
illustrating the main results are also presented. 1’ 1986 Academic Press, Inc. 
1. TNTR~DLJCTI~N 
This paper is concerned with positive entire solutions of second order 
semilinear elliptic equations of the form 
Au +f(x, 24, Vu) = 0, x E R”, n33, (1) 
where A = C;=, a2/d$, V = (a/ax, ,..., a/ax,), and f(x, U, p) (p = 
(P , ,..., p,)) is continuous on R” x R, x R”, R + = [0, co). By an entire 
solution of (1) is meant a function u E C2( R”) which satisfies (1) at every 
point of R”. 
The problem of existence of entire solutions for second order semilinear 
elliptic equations has been the subject of numerous investigations during 
the last three decades. However, as seen from the papers [l-11] and the 
references cited therein, most of the literature dealing with this problem is 
devoted to equations of the type 
Au+f(x, u)=O, (2) 
and very little is known about the existence of entire solutions for equation 
(1) in which f(x, U, Vu) is genuinely nonlinear in Vu. In fact, there seems to 
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be no existence theory which can be applied, for example, to the following 
types of equations: 
Au + a(x) ua + h(x) 2.P IVulT = 0, (3) 
Au + ea” a(x) + i b,,(x) %,U,, =a 
I 
(4) 
r,,= I 
Our objective here is to make an attempt to develop an existence theory 
of entire solutions for Eq. (1) which may depend strongly upon Vu. Using 
the supersolution-subsolution method, we establish sufficient conditions 
for (1) to possess positive entire solutions which are bounded and bounded 
away from zero in R”. To find suitable supersolutions and subsolutions we 
employ an existence theory for second order ordinary differential 
equations. By means of this approach spherically symmetric supersolutions 
and subsolutions can actually be constructed, and this is the principal 
feature of our argument. Our results not only cover equations of the types 
(3) and (4) but also considerably extend recent existence results for 
equation (2) obtained in the papers [3, 6, 71. 
2. MAIN RESULTS 
With regard to Eq. (1) the following conditions are assumed to hold 
without further mention: 
(a) f(x, u, p) is locally Holder continuous (with exponent 8 E (0, 1)) 
on R”xR, xR”; 
(b) for any bounded domain 52 c R” and any constant M > 0 there 
exists a constant p(Q, M) > 0 such that 
If(4 UT P)I GP(Q, MN1 + lP12) (5) 
for XEQ, OdudM, PER”. 
By a supersolution of (1) in R” we mean a function u E C’fO; “(R”) which 
satisfies the differential inequality 
Au+f(x, u,Vu)<O, XER”, (6) 
while a function w E CFOz “( R”) satisfying the reversed inequality 
Aw+f’(x, w,Vw)>O, x E R”, 
is called a subsolution of (1) in R”. 
(7) 
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Basic to our subsequent discussions is the following existence theorem 
which is formulated in terms of supersolutions and subsolutions. 
THEOREM A. If there exist a super-solution u(x) and a subsolution w(x) of 
(1) such that 
4x16 4x1, XE R”, (8) 
then Eq. (1) possesses an entire solution u(x) satisfying 
w(x) < u(x) < v(x), XER”. (9) 
For the proof of this theorem see Noussair and Swanson [9]. We note 
that this type of existence theorem of entire solutions was first obtained by 
Ak6 and Kusano [ 11. 
We now state and prove the main result of this paper. 
THEOREM 1. Suppose that there exist a locally Holder continuous (with 
exponent 0) function 4(r) on R, and a continuously differentiable function 
F(u, t) on R, x R + such that 
If(x, u, p)I <d(lxl) F(u, I PI) for t-c u, PIER” x R, x R”. (10) 
Suppose moreover that 
s 
m 
r$(r) dr < co, (11) 
0 
and that one of the following conditions is satisfied: 
(F, ) F( u, t) is nondecreasing in u and t, and 
lim F(“’ t, = 0 for each fixed t 2 0; 
u-o u 
(F2) F(u, t) is nondecreasing in u and t, and 
lim F(“’ ‘) - 0; 
u-cc u 
(12) 
(13) 
(F3) F(u, t) is nonincreasing in u and nondecreasing in t, but F(u, u) is 
nonincreasing. 
Then, Eq. (1) possesses infinitely many positive entire solutions which are 
bounded and bounded away from zero in R”. Furthermore, if f(x, u, p) > 0 
for all (x, u, p) or else f(x, u, p) < 0 ,for all (x, u, p), then ( 1) possesses 
126 KUSANO AND OHAKU 
infinitely many positice entire solutions. euch o/’ u,hir,h is how&d and tends 
to a positive constant us 1.~1 + x 
Proqf!f: We begin by noting that under condition (10) any positive 
solution v(x) of the equation 
da + q5( IX ) F(r, lb1 ) = 0, .Y E R”. (14) 
is a supersolution of (I) in R” and any positive solution u(x) of the 
equation 
h-(b(lxl)F(w, IVwl)=O, x E R”, (15) 
gives a subsolution of (1) in R”. In view of the spherical symmetry of $( 1.~1) 
it is natural to seek spherically symmetric solutions u(x) = y(lxl) and 
w(x) = z( IX]) of (14) and ( 15), and this leads us to the one-dimensional 
initial value problems: 
n-l )I”$- Y’ + O(r) F( I‘, I ~‘1) = 0, r > 0, r 
(16) 
Y(O) = yI> y’(O) = 0, 
z” + 
n-l , 
~ z - f$(r) F(z, lz’l ) = 0, r > 0, 
r 
(17) 
40) = L z’(0) = 0, 
where ’ = d/dr, and q and i are positive constants. It is easy to see that (16) 
and (17) are equivalent to the integrodifferential equations 
y(r) = 4 - 4s) F(Y(J), I ~-‘b)l) u’s 
and 
z(I)=i+--& (19) 
respectively. 
We first solve (18) and (19) in the case where (F, ) holds. Let q > 0 be 
small enough so that 
WV, 1) 
I 
x 
(n-2h 0 
rq5(r) dr < 1 and F(n, l)Jx d(r)dr< 1. (20) 
0 
This is possible because of (11) and ( 12). Let C’(R + ) denote the Frichet 
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space of all continuously differentiable functions on R, endowed with the 
usual metric topology and consider the set 
Y, is a closed convex subset of C’( R + ). Define the operator .F in C’( R + ) 
by 
.Ms) F(Y(s), I Y’(J)I 1 & r b 0. (21) 
We then demonstrate that 9 is a continuous operator mapping Y, into a 
compact subset of Y,. 
(i) 9: Y, -+ Y,. If y E Y,, then by means of (20) we see that for r 3 0 
and 
I(F:?/)‘(r)l = jc: (:)‘I ’ 4s) F(Y(s), I y’(s)l) ds 
<F(q, I){’ d(s)dsd 1. 
0 
(ii) F is continuous. Let { ym) be a sequence in Y, converging to 
y E Y, as m + co in the topology of C’(R + ). Then, we have for r > 0, 
lPy,tr) - FGly(r)l 
1 
d - i;L ~4~) lF(~,,(s)> I ,L(.s)l) - F(Y(.~), I y’(s)1 )I d.~ n-2 o (22) 
and 
I(~;y,)‘(r) - (~y)‘(r)l 
d s ox d(s) IF(y,,,(s), lyinb)l) -F(Y(J), Iy’b)l )I ds. (23) 
Since the function IF( y,(s), I yk(s)l) - F( y(s), / y’(s)\)1 is bounded by 
2F(q, 1) and tends to 0 as m + cc at every point s E R, , using the 
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Lebesgue dominated convergence theorem, we conclude from (22 ) and (23 ) 
that 
F.V,,,(r) -+ FJ)(Y) and (.F.r’,,?)‘(r) + (5.11)‘(v) as m + r;c~ uniformly on R . 
This implies that Fy,, + $1’ as m + ‘cc in the topology of C’( R + ). 
(iii) PY, is relatively compact. It suffices to show that both 
(9~: J’E Y,} and ((9,~)‘: y E Y, > are uniformly bounded and equicon- 
tinuous at every point of R, . But this follows from the following 
inequalities holding for all YE Y, : I,Py(r)l <‘I, I(Yy)‘(r)l < 1, and 
l(c~~)“(r)l C Q(r) 4??(r), I y’(r)l) 
tits) F( .I,(.~), I y’b)l 1 d.y 
r 3 0. 
Thus we are able to apply the Schauder-Tychonoff fixed point theorem 
and conclude that 9 has a fixed point y E Y, . Any fixed point y = y(r) is a 
solution of (18), and so the spherically symmetric function v(x) = J$ IX) is 
a supersolution of (1) in R”. 
In a similar manner we can show that the operator ?I defined by 
?Jz(r) = [ + s&s) F(z(s), lz’(s)l ) d.s (24) 
has a fixed point z in the set 
ZI= {zEC’(R+): [<z(r)<2<, /z’(r)1 < 1, r>O}, 
where [ is a positive constant chosen so that 
FM, 1) 
i 
r 
(n-2)1 0 
s$(s) dr6 1 and F(21, 1) joX’ 4(s) dsd 1. (25) 
This fixed point z = z(r) is a solution of (19), giving rise to a subsolution 
w(x)=z(lxl) of (1) in R”. If 2[6~/2, then z(r)< y(r), rE R, , for ye Y, 
and ZE Z,, and so the functions v(x) and W(X) satisfy (8). Therefore from 
Theorem A it follows that Eq. (1) has an entire solution U(X) satisfying (9). 
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Next, suppose condition (F2) holds. This time we take positive constants 
g > 0 and [ > 0 so large that 
W% yl) 
5 
m 
(v-2)rl o ?+(r)drd 
and 
TX 21) 
s 
m 
(n-2)1 o rd(r)drd 
F(rl, ~1) s = d(r) drd1, rl 0 
F(X, 21) m 21 s d(r) dr 6 1. 0 
Proceeding as in the case of (F,), it is shown that the operator 9 defined 
by (21) has a fixed point y in the set 
and that the operator 3 defined by (24) has a fixed point z in the set 
Therefore, by choosing q and c so that 2% 6 q/2, we obtain a supersolution 
u(x) = v( 1x1) and a subsolution W(X) = z( 1x1) satisfying (8). Theorem A 
then ensures the existence of an entire solution U(X) satisfying (9). 
In case condition (F3) holds, let 9 > 0 and [ > 0 be large enough so that 
2FC;(r1/2> v/2) s x rd(r) dr< , Wr1/2 v/2) x (n-2)q 0 ’ ’ II s 44r)dr6 1, o 
and 
FCC> i) s cc FCC, i) m (n-2)1 0 r&r) dr < 1, I i 0 4(r) dr < 1, 
and define the sets Y, and Z, by 
and 
Z,=jz~C’(R+):i6z(r)~21, Iz’(r)l<Lr>O} 
Then we can proceed with the same argument as in the proof for the case 
of (F,) to show that the operators 9 and ~3 have fixed points y E Y, and 
ZEZ,, respectively. Hence, choosing v and [ with 41 d u again, we obtain 
an entire solution U(X) of (1) satisfying ~(1x1) < U(X) < y(jxl), x E R”. 
Suppose in addition that f(x, U, p) > 0 for all (x, U, p). Let u(x) = y( 1x1) 
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be a supersolution of (1) in R” as constructed above. Since J.‘(Y) < 0 and 
y(v) > v/2 > 0 for Y > 0, J?(Y) tends to a positive constant q* as r 4 s. The 
constant function W*(X) = q* is a subsolution of (I ) satisfying Hi* < 1:(.1-) 
in R” under the sign condition for j; so that, by Theorem A, Eq. (I ) 
possesses an entire solution U(X) such that ‘I* <U(X) 6 J*( 1.~1) in R”. It is 
clear that lim,.l, _ ~ u(x) = y*. Finally, suppose that ,f’(.w, U, p) 6 0 for all 
(x, U, p). Then, using a subsolution w(x) = z( Ix/ ) of (1) as obtained above 
in combination with the positive constant function t:*(.u) = [* = 
lim , _ z z(r), which is a supersolution of (1 ), we see that Eq. (I ) possesses 
an entire solution u(x) with the property that lim,., ~_ T U(X) = ;*. Thus the 
proof of Theorem 1 is complete. 
Our second result is the following. 
THEOREM 2. Suppose that there exist a locally Holder continuous (with 
exponent t3) function d(r) on R + and a continuously differentiable function 
F(u, t) on R, x R + such that (10) and (11) are satisfied. Assume in addition 
that F(u, t) is nondecreasing in u and t and there exist positive constants n 
and [ such that 41 <n, condition (20) holds ,for I], and such that the initial 
uatue problem 
-’ - i -2 4(r) F(z, 11, 1’ > 0, 
(26 1 
40) = it 
has a solution Z(r) satisfying [ <i(r) < 2[ for r > 0. 
Then, Eq. (1) possesses a positive entire solution u(x) satisfying 
(<u(x)<q in R”. 
Proof From the proof of Theorem 1 we see that condition (20) guaran- 
tees the existence of a solution y(r) of (18) such that q/2 d y(r)<n and 
1 y’(r)1 d 1 for r 3 0. 
Consider the operator 9 defined by (24) as well as the subset of C’(R + ) 
defined by 
2= {z~c’(R+): [<z(r),<?(r), [z’(r)1 < 1, r>Oj. 
Evidently, 2 is a closed convex subset of C’( R + ) which contains infinitely 
many nontrivial functions unless 4(r) G 0. Let z E 2. Then, using (26), we 
have for z E 2, 
i d %z(r) = i + &?:‘[l-(;)fl 2]wW~~~~)~ Iz’b)l)ds 
1 r 
<i+- s n-2 0 
sqS(s) F@(s), 1) ds = P(r), r 3 0, 
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and 
6 F(q, 1) lx d(s) ds 6 1, r 3 0. 
0 
This shows that 3 maps 2 into itself. Since the continuity of 9 and the 
relative compactness of 32 in C’(R+ ) are easily verified, we infer with the 
aid of the Schauder-Tychonoff theorem that 9 has a fixed point z = Z(Y) in 
2, which is a solution of (19). Since 4[< q, we see that Z(Y) < y(r) for Y >, 0, 
and so the functions u(x)= ~(1x1) and w(x)=z(IxI) satisfy (8) and give, 
respectively, a supersolution and a subsolution of (1) in R”. From 
Theorem A it then follows that Eq. (1) has an entire solution U(X) satisfy- 
ing [ < w(x) < U(X) d D(X) d q for x E R”. This completes the proof. 
3. APPLICATIONS TO QUASILINEAR ELLIPTIC EQUATIONS 
In this section we discuss the application of our results to several types of 
quasilinear elliptic equations in R”, n 2 3. 
EXAMPLE 1. We first consider the equation 
Au + u(x) uz + h(x) up IVul’ = 0 3 (27) 
where a, /3 and 7 are constants, 06 y < 2, and a(x) and h(x) are locally 
Holder continuous over R”. Suppose that there exists a locally Holder con- 
tinuous function d(r) on R, such that la(x)1 <#(1x1) and Ih(x)I <&lx\) 
for x E R”. Then the function f(x, U, p) = a(x) ZP + h(x) uB (pi i’ satisfies (5) 
and (10) with F(u, f)=z.P+~~f~. If CY > 1 and /?> 1, then F(u, t) satisfies 
condition (F,) of Theorem 1; if O<a< 1, /?>O and p+y< 1, then F(u, t) 
satisfies condition (F,), while if x 6 0 and b + y d 0, then F(u, t) satisfies 
condition (F3). From Theorem 1 it follows that if 1; rqS(r) dr < DJ, then in 
each of the above cases Eq. (27) has infinitely many positive entire 
solutions which are bounded and bounded away from zero in R”. If in 
addition, either a(x) > 0, h(x) >, 0 or a(x) < 0, b(x) < 0 in R”, then (27) has 
infinitely many positive entire solutions tending to positive constants as 
1x1 + cc. 
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EXAMPLE 2. We next discuss the application of Theorem 1 to the 
quasilinear equation 
(1 + lVul2)“du+h(.u)uli+u,’ i c,,(x) 24,<14,) = 0, (28) 
i.,- I 
where c(, fl, and 7 are constants, c( > 0, and h(x) and ci,(x) are all locally 
Holder continuous functions in R” such that Ih(.x)I <4(1.x1) and ic,,(x)l < 
& 1x1) for x E R”, i, j = 1, 2,..., n, and some locally Holder continuous func- 
tion d(r) on R + . Equation (28) is equivalent to Eq. (1) with ,f‘(x, U, p) = 
(1 + IPI~)~“CW) uB+ui‘C;,=, ~,,(x)~~p,l, where P= (P,,..., P,,). The 
function ,f(x, u, p) satisfies (5) and (10) with F(u, t) = up + nuyt’. If p > 1 
and y > 1, then F(u, t) satisfies condition (F ,); and if /I d 0 and y d -2, 
then F(‘(u, t) satisfies condition (F3). If in particular c&x) ~0 for 
i, j = l,..., n, it is easily checked that F(‘(u, t) satisfies (F ,) [resp. (F,)] for 
/? > 1 [resp. fl< 11. Theorem 1 can then be applied to conclude that if 
s? $(Y) dr < co, then in each of the above cases Eq. (28) admits inifinitely 
many positive entire solutions which are bounded and bounded away from 
zero over R”. If in addition, either h(.x) > 0 and [c,,(x)] is positive 
semidefinite on all of R” or h(x) < 0 and [co(x)] is negative semidefinite for 
all x E R”, then (28) has infinitely many positive entire solutions converging 
to positive constants as 1x1 + a. 
EXAMPLE 3. It may be most desirable to treat nonlinear equations of 
the form 
div ,d(Vu) + ,f(x, U, Vu) = 0, 
where d(p) is a smooth function from R” into itself and ,f(x, U, p) a 
function as treated in Section 2. Being suggested by this problem, we con- 
sider the following equation in contrast with (28) 
(1 + IVUl2) ~“du+h(x)u”=O, (29) 
where c1 and /I are constants, 0 d cx d 1, and the function h(x) is locally 
Holder continuous in R”. Suppose then that there is a locally Holder con- 
tinuous function d(r) on R, such that 16(x)1 <4(1x)) for XE R”. 
Equation (29) is reduced to (1) withf(x, U, p) = h(x)(l + lpi’)” uB and the 
functionf(x, U, p) satisfies (5) and (10) with F(u, t) = (1 + f2)’ up. If b > 1, 
then F(u, t) satisfies (F,); if 0 < fi < 1 and tl + p < 1, then (F2) holds; and if 
CI + b ~0, then F(u, t) satisfies (F3). Hence Theorem 1 implies that if 
jz rd(r) dr < co, then in each of the above cases (29) admits infinitely many 
positive entire solutions which are bounded and bounded away from zero 
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in R”. If either b(x) >,O on all of R” or h(x) d 0 for all XE R”, then there 
exist infinitely many positive entire solutions of (29) which converge to 
positive constants as 1x1 + co. 
EXAMPLE 4. It is possible to deal with a more general type of equation 
than (27). Consider the equation 
du+a(x)u”(l + IVul’Q+h(x)u;‘(l+ lVul”)=O, (30) 
where 51, /3, y, 6 are nonnegative constants, /I 6 2, 6 d 2, and the coefficients 
a(x) and b(x) are both locally Holder continuous on R”. Assume that there 
exists a locally Holder continuous function d(r) on R, such that 
la(x)1 d d( 1x1) and Ih(x)I 6 d( /xl ) for x E R”, and such that j; r&r) dr < co. 
Then the function f‘(x, U, p) = a(x) u’( 1 + I pi”) + h(x) u’( 1 + I pi”) satisfies 
(5) and (10) with F(u, t) = ua( 1 + t”) + u’( 1 + t”). 
If cc>l, p>O, y>l, 6>0, then F(u,t) satisfies condition (F,) of 
Theorem I ; and if (x + fl< 1, 7 + 6 < 1, then F(u, t) satisfies (F2). Therefore, 
in each of the above cases Eq. (30) has infinitely many positive entire 
solutions which are bounded and bounded away from zero in R”. 
For Eq. (30) one finds a few simple cases in which none of conditions 
(F, ), (F2), and (F,) holds. Suppose, for instance, that c1> 1, fl> 0, 
1’ + 6 < 1. Although Theorem 1 is not directly applicable to this case, it can 
be shown that (30) has a bounded positive entire solution if one requires in 
addition that a(x) ~0 and h(x)>,0 throughout R”. In fact, it is first seen 
that there exist positive entire solutions t)(x), W(X) of the equations 
Aw + a(x) M’y 1 + IVWIP) = 0, 
Au + h(x) v7( 1 + IVvl”) = 0, 
respectively, such that ye d W(X) d 21, id u(x) d 21 in R” for some positive 
constants rl and [. This follows from Theorem 1, and it is shown during the 
course of the proof that q can be chosen arbitrarily small and i can be 
made as large as possible. Hence we may assume that W(X) d v(x) in R”. 
Since a(x) < 0 and b(x) 3 0, we have 
for (x, u, p) E R” x R + x R”, whence it follows that v(x) and w(x) give 
respectively a supersolution and a subsolution of (30) in R”. Applying 
Theorem A, we conclude that (30) has an entire solution u(x) such that 
w(x) < U(X) < v(x) in R”, as claimed. 
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EXAMPLE 5. We here treat an application of Theorem 2 to the 
quasilinear equation 
(31) 
where c1 and i are constants, z > 0, and U(X) and h,,(x) are locally Holder 
continuous over R”. Suppose that there is a locally Holder continuous 
function d(r) on R, such that la(x)1 <d(lxi) and Ih,,(x)l 6 & 1~1) for 
x E R”, i, j= 1, 2 )...) n. Then the function ,f’(x, u, p) = ie”“[a(x) + 
x:,=, b,(x) p,p,] satisfies (5) and (10) with F(u, t)= Ii.1 ~“~(1 fnt’). 
Condition (20) for (31) then reads as 
and (32) 
On the other hand, the solution F(T) of the initial value problem 
2’ =s II.1 r&r) e”‘, r > 0, 
z(0) = <, 
is given by 
which satisfies [ <P(r) 6 2< for r > 0 provided 
/iI i,: rqS(r) drG11-2 (e “-e “;), 
(n+ 1)~ 
(33) 
It is now easy to see that if I/1/ is small enough, then positive constants 11 
and { can be chosen so that 45 d u] and both (32) and (33) are satisfied. 
Therefore, Theorem 2 implies that (31) possesses a positive entire solution 
which is bounded and bounded away from zero provided IiJ is sufftciently 
small. 
EXAMPLE 6. In connection with the existence theory for quasilinear 
parabolic equations associated with elliptic equations of the type (1) it 
would be of some interest to treat equations of the form 
a(x) Au + g(x, u, Vu) = u, (34) 
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where a(x) is a continuously differentiable positive function which is boun- 
ded away from zero in R”, and g(x, u, p) is a function on R” x R + x R” 
which satisfies conditions (a), (b) as stated at the beginning of Section 2. 
The function u on the right-hand side of (34) is supposed to be uniformly 
bounded and locally Hijlder continuous over R”. We then consider the 
problem of finding a positive entire solution of (34) for a given function v 
as mentioned above. 
Suppose that there exist a locally Hijlder continuous function 4(r) on 
R, and a continuously differentiable function G(u, t) on R + x R + such 
that b(x)1 -’ < d(lxl) and I g(x, u, PI 6 d(lxl) G(u, I PI 1 for (x, u, P) E 
R”xR+ xR”, and Jg r#( Y) dr < cc. Then the function f(x, U, p) = 
a(~)~‘[g(x,u,p)-v(x)] satisfies (5) and (10) with F(u, t)=g(u, t)+ 
sup, Iv(x)/, and Eq. (34) is reduced to the equation du+f‘(x, U, VU) =O. 
According to Theorem 1, it is concluded that (34) has a bounded positive 
entire solution for every v as specified above if the function G(u, t) satisfies 
condition (F,) or else condition (F3) with F replaced by G. 
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